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Abstract
We investigate generators of local gauge transformations in the covariant canonical for-
malism (CCF) for matter fields, gauge fields and the second order formalism of gravity. The
CCF treats space and time on an equal footing regarding the differential forms as the ba-
sic variables. The conjugate forms piA are defined as derivatives of the Lagrangian D-form
L(ψA, dψA) with respect to dψA, namely piA := ∂L/∂dψ
A, where ψA are p-form dynamical
fields. The form-canonical equations are derived from the form-Legendre transformation of
the Lagrangian form H := dψA ∧ piA − L. We show that the generator of the local gauge
transformation in the CCF is given by εrGr + dε
r ∧Fr where εr are infinitesimal parameters
and Gr are the Noether currents which are (D − 1)-forms. {Gr, Gs} = f trsGt holds where
{•, •} is the Poisson bracket of the CCF and f trs are the structure constants of the gauge
group. For the gauge fields and the gravity, Gr = −{Fr, H} holds. For the matter fields,
Fr = 0 holds. Additionally, we apply the CCF to the second order formalism of gravity with
Dirac fields for the arbitrary dimension (D ≥ 3).
Contents
1 Introduction 2
2 Covariant canonical formalism 2
3 Second order formalism of gravity for D ≥ 3 4
4 Generators of local gauge transformations 11
5 Summary 15
A Formulas 16
B Noether currents 16
C Covariant canonical formalism of gauge fields 17
∗subarusatosi@gmail.com
1
ar
X
iv
:1
90
9.
06
77
9v
2 
 [g
r-q
c] 
 31
 Ju
l 2
02
0
1 Introduction
In the traditional analytical mechanics of fields, the canonical formalism gives especial weight to
time. The covariant canonical formalism (CCF) [1–12] is a covariant extension of the traditional
canonical formalism. The form-Legendre transformation and the form-canonical equations are
derived from a Lagrangian D-form with p-form dynamical fields ψA. The conjugate forms are
defined as derivatives of the Lagrangian form with respect to dψA. One can obtain the form-
canonical equations of gauge theories or those of the second order formalism of gravity without
fixing a gauge nor introducing Dirac bracket nor any other artificial tricks. Although the second
order formalism of gravity (of which the dynamical variable is only the frame form (vielbein)) is
a non-constrained system in the CCF, the first order formalism (of which the dynamical variables
are both the frame form and the connection form) is a constrained system even in the CCF. In
Refs. [1–4], the CCFs of the first order formalism of gravity and super-gravity have been studied.
Only for D = 4, the CCF of the second order formalism of gravity without Dirac field [7] and with
Dirac field [9] have been studied 1) .
Poisson brackets of the CCF are proposed in Refs. [1,12] and in Ref. [11] independently. These
are equivalent. Although the form-canonical equations of the CCF are equivalent to modified De
Donder-Weyl equations [10], the Poisson bracket of the CCF is not equivalent to it of the De
Donder-Weyl theory proposed in Ref. [13]. In Ref. [12], the generators of the CCF for the local
Lorentz transformations of gravity have been studied in the first order formalism.
In this paper, first we apply the CCF to the second order formalism of gravity with Dirac
fields for the arbitrary dimension (D ≥ 3) in Sec.3. Next, we investigate generators of local gauge
transformations in CCF for matter fields, gauge fields and the second order formalism of gravity
(Sec.4). The total generator which is a (D − 1)-form is given by G = εrGr + dεr ∧ Fr where
εr are infinitesimal parameters and Gr are the Noether currents. The Noether currents satisfy
{Gr, Gs} = f trsGt where {•, •} is the Poisson bracket of the CCF and f trs are the structure
constants of the gauge group. Fr = 0 holds for the matter fields. For the gauge fields and the
gravity, Gr = −{Fr, H} holds. Here, H is the form-Legendre transformation of the Lagrangian
form.
There are three appendices in this paper. In Appendix A, several formulas are listed. In
Appendix B, we review the Noether currents. In Appendix C, we review the CCF of gauge fields.
2 Covariant canonical formalism
In this section, we review the covariant canonical formalism.
Let us consider D dimension space-time. Suppose a p-form β is described by forms {αi}ki=1. If
there exists the form ωi such that β behaves under variations δα
i as
δβ = δαi ∧ ωi, (2.1)
1)In Refs. [7, 9], the method to derive the form-canonical equations used special characteristics of D = 4. In this
paper, we derive the form-canonical equations without using special characteristics of D = 4.
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we call ωi the derivative of β by α
i 2) and denote
∂β
∂αi
:= ωi, (2.2)
namely, δβ = δαi ∧ ∂β
∂αi
.
The Lagrangian D-form L is given by L = Lη where L is the Lagrangian density and η = ∗1
is the volume form 3) and described by ψ and dψ, L = L(ψ, dψ), where ψ is a set the forms of the
dynamical fields. For simplicity, we treat ψ as single p-form in this section. The Euler-Lagrange
equation is given by
∂L
∂ψ
− (−1)pd ∂L
∂dψ
= 0. (2.3)
The above Euler-Lagrange equation has been used since the 1970’s [14–16].
The conjugate form pi is defined by
pi :=
∂L
∂dψ
. (2.4)
This is a q-form where q := D − p− 1. The Hamilton D-form is defined by
H = H(ψ, pi) := dψ ∧ pi − L (2.5)
and described by ψ and pi. The variation of H is given by
δH = (−1)(p+1)qδpi ∧ dψ − δψ ∧ ∂L
∂ψ
. (2.6)
Then, we obtain
∂H
∂ψ
= −∂L
∂ψ
,
∂H
∂pi
= (−1)(p+1)qdψ. (2.7)
By substituting the Euler-Lagrange equation (2.3), we obtain the canonical equations
dψ = (−1)(p+1)q ∂H
∂pi
, dpi = −(−1)p∂H
∂ψ
. (2.8)
The Poisson bracket proposed in Ref. [11] is given by
{F,G} = (−1)p(f+D+1)∂F
∂ψ
∧ ∂G
∂pi
− (−1)(D+p−1)(f+1)∂F
∂pi
∧ ∂G
∂ψ
. (2.9)
2)In this case, β is differentiable by αi.
3)The Hodge operator ∗ maps an arbitrary p-form ω = ωµ1···µpdxµ1 ∧ · · · ∧ dxµp (p = 0, 1, · · · , D) to a D− p = r-
form as
∗ω = 1
r!
E
µ1···µp
ν1···νrωµ1···µpdx
ν1 ∧ · · · ∧ dxνr .
Here, Eµ1···µD is the complete anti-symmetric tensor such that E01···D−1 =
√−g (g is the determinant of the metric
gµν). And ∗ ∗ ω = −(−1)p(D−p)ω holds.
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Here, F and G are differentiable by ψ and pi, and F is a f -form. The Poisson bracket proposed in
Ref. [12], denoted by {F,G}F, is given by {F,G}F = −{G,F}. If F , G and H are f -form, g-form
and h-form respectively and differentiable by ψ and pi,
{G,F} = −(−1)(f+D+1)(g+D+1){F,G}, (2.10)
{F,G ∧H} = {F,G} ∧H + (−1)(f+D+1)gG ∧ {F,H}, (2.11)
and
(−1)(f+D+1)(h+D+1){F, {G,H}} + (−1)(g+D+1)(f+D+1){G, {H,F}}
+ (−1)(h+D+1)(g+D+1){H, {F,G}} = 0 (2.12)
hold. The canonical equations can be written as
dψ = −{H,ψ} , dpi = −{H, pi}. (2.13)
The fundamental brackets are
{ψ, pi} = (−1)Dp , {pi, ψ} = −1 , {ψ, ψ} = 0 = {pi, pi}. (2.14)
If a form F is differentiable by ψ and pi, and F does not depend positively on space-time points,
dF = dψ ∧ ∂F
∂ψ
+ dpi ∧ ∂F
∂pi
= (−1)(p+1)q ∂H
∂pi
∧ ∂F
∂ψ
− (−1)p∂H
∂ψ
∧ ∂F
∂pi
= −{H,F} (2.15)
holds.
3 Second order formalism of gravity for D ≥ 3
In this section, we apply the CCF to the second order formalism of gravity with Dirac fields for
the arbitrary dimension (D ≥ 3).
3.1 Notation
We explain the notations used in this paper. Let g be the metric of which has signature (− +
· · ·+), and let {θa}D−1a=0 denote an orthonormal frame. We have g = g◦abθa ⊗ θb with g◦ab :=
diag(−1, 1, · · · , 1). All indices are lowered and raised with g◦ab or its inverse gab◦ . The first structure
equation is
dθa + ωab ∧ θb = Θa, (3.1)
where ωab is the connection form and
Θa =
1
2
Cabcθ
b ∧ θc (3.2)
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is the torsion 2-form. In the following of this paper, we suppose ωba = −ωab. We put
ηa = ∗θa, ηab = ∗(θa ∧ θb), ηabc = ∗(θa ∧ θb ∧ θc), ηabcd = ∗(θa ∧ θb ∧ θc ∧ θd). (3.3)
In Appendix A, several identities about θa ∧ ηa1···ar (r = 1, 2, 3, 4) , δηa1···ar(r = 0, 1, 2, 3) and
dηa1···ar (r = 1, 2, 3) are listed. The curvature 2-form Ω
a
b is given by
Ωab = dω
a
b + ω
a
c ∧ ωcb. (3.4)
Expanding the curvature form as
Ωab =
1
2
Rabcdθ
c ∧ θd, (3.5)
we define
Rab := R
c
acb, R := R
a
a. (3.6)
Because of (A.5), ∗R can be written as
∗R = Ωab ∧ ηab. (3.7)
3.2 Lagrange formalism
The Lagrangian form of the gravity in the second order formalism is given by
L(θ, dθ) = LG(θ, dθ) + Lmat(θ, dθ). (3.8)
Here, LG is the Lagrangian form for the pure gravity given by
LG(θ, dθ) =
1
2κ
N ′ , N ′ := ∗R− d(ωab ∧ ηab), (3.9)
and Lmat(θ, dθ) = Lmat(θ, ω(θ, dθ)) is the Lagrangian form of “matters” which are scaler fields,
Dirac fields and gauge fields. Here, κ is the Einstein constant. Only the Dirac fields couple to ωab.
3.2.1 Euler-Lagrange equation
We derive the Euler-Lagrange equation of the gravity. The variation of L is given by 4)
δL(θ, dθ) = δθc ∧
( 1
2κ
[Ωab ∧ ηabc − d(ωab ∧ ηabc)] + Tc
)
+ δdθc ∧ 1
2κ
ωab ∧ ηabc
+δωab(θ, dθ) ∧
( 1
2κ
[dηab − ωca ∧ ηcb − ωcb ∧ ηac] +
∂Lmat
∂ωab
)
, (3.10)
4)δN ′ = δ(ωac ∧ ωcb ∧ ηab + ωab ∧ dηab) and
ωab ∧ δdηab = δdθc ∧ ωab ∧ ηabc + δθc ∧ ωab ∧ dηabc
hold. In the second equation, we used the following formulas:
dηab = dθ
c ∧ ηabc , δηabc = δθd ∧ ηabcd , dηabc = dθd ∧ ηabcd.
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where
Ta :=
∂Lmat(θ, ω)
∂θa
(3.11)
is the energy-momentum form. We suppose that
1
2κ
[dηab − ωca ∧ ηcb − ωcb ∧ ηac] +
∂Lmat
∂ωab
= 0, (3.12)
which are the same as the Euler-Lagrange of the first order formalism for the connection. Under
this supposition, (3.10) leads
∂L
∂θc
=
1
2κ
[Ωab ∧ ηabc − d(ωab ∧ ηabc)] + Tc , ∂L
∂dθc
=
1
2κ
ωab ∧ ηabc. (3.13)
The Euler-Lagrange equation ∂L
∂θc
+ d ∂L
∂dθc
= 0 becomes the Einstein equation
− 1
2κ
Ωab ∧ ηabc = Tc. (3.14)
If we expand Tc as Tc = T
b
c ηb, the above Einstein equation leads
5)
Rab −
1
2
Rδab = κT
a
b . (3.15)
3.2.2 Torsion
We determine the torsion Cabc. The Lagrangian form of the “matters” can be written as
Lmat = L0(θ) + ω
ab ∧ Sab(θ), (3.16)
where Sab = η
cSc,ab and Sc,ab is independent from θ
a and described by the Dirac fields. Using
(3.12) and (A.12), we have
1
2κ
Θc ∧ ηabc = −∂Lmat
∂ωab
= −ηcSc,ab. (3.17)
This equation leads6)
1
2κ
[−Cag◦cb + Ccab + Cbg
◦
ca] = −Sc,ab, (3.18)
where Ca := C
b
ab. Then, we have
1
2κ
Ccab = −Sc,ab + 1
D − 2[Sag
◦
cb − Sbg
◦
ca] (3.19)
with Sa := S
b
ab. Here, D is the space-time dimension.
5)Ωab ∧ ηabc = (Rδbc − 2Rbc)ηb holds.
6)Θc ∧ ηabc = ηc(g◦acCb − g
◦
cbCa + Ccab) holds.
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3.3 Covariant canonical formalism
Next, we consider the covariant canonical formalism.
In (3.9), N ′ can be rewritten as
N ′ = ωac ∧ ωcb ∧ ηab + ωab ∧ dηab
= N + Θa ∧ ωbc ∧ ηabc (3.20)
with
N := ωac ∧ ωcb ∧ ηba. (3.21)
In the second line of (3.20), we used (A.12). Using (3.1) and (A.2), N can be rewritten as
N = dθa ∧ 1
2
ωbc ∧ ηabc −Θa ∧ 1
2
ωbc ∧ ηabc. (3.22)
The conjugate form of θa is given by
pia =
1
2κ
ωbc ∧ ηabc. (3.23)
The Hamilton form is given by
H(θ, pi) = dθa ∧ pia − L = HG(θ, pi)− Lmat(θ, pi) (3.24)
with
HG(θ, pi) =
N
2κ
. (3.25)
Here, we used (3.20) and (3.22). In Sec.3.4, we represent N by θa and pia and take derivatives
by these. Because Cabc is described by the Dirac fields, it is independent from θ
a and pia. Then,
Θa = 1
2
Cabcθ
b ∧ θc is independent from pia.
The canonical equations are given by
dθa =
∂HG
∂pia
− ∂Lmat
∂pia
, (3.26)
dpia =
∂HG
∂θa
− ∂Lmat(θ, pi)
∂θa
. (3.27)
In the RHS of (3.26), the second term can be rewritten as
−∂Lmat
∂pia
= − ∂
∂pia
[
ωbc ∧ Sbc
]
=
∂
∂pia
[Θb ∧ pib] = Θa. (3.28)
In the second equality, we used
ωab ∧ Sab = −Θa ∧ pia, (3.29)
which is derived form (3.17). Then, (3.26) becomes
dθa =
∂HG
∂pia
+ Θa. (3.30)
In Sec.3.4, we calculate ∂HG
∂pia
, ∂HG
∂θa
and ∂Lmat(θ,pi)
∂θa
.
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3.4 Variation of the Hamilton form
3.4.1 Variation by pia
We represent N by θa and pia. Using (A.5), N can be rewritten as
N = (ωabcω
bca + ωaω
a)η. (3.31)
Here, we expand ωab as ωab = ωabcθ
c and put ωa := ω
b
ab. We can represent ωabc by θ
a and pia as
ωabc = κ
[
vc,ab +
1
D − 2(g
◦
acvb − g
◦
bcva)
]
, (3.32)
vc,ab := − ∗ Vc,ab , Vc,ab := pic ∧ θa ∧ θb (3.33)
with va := v
b
ab.
Next, we calculate δvc,abη. For an arbitrary D-form ξ,
δvc,abξ = −δvc,abξ ∗ η = −δvc,abη ∗ ξ = (−δ[vc,abη] + vc,abδη) ∗ ξ
= (−δVc,ab + vc,abδη) ∗ ξ (3.34)
holds. Then, we have
δvc,abη = δVc,ab − vc,abδη. (3.35)
The variation by only pia is given by
δvc,abη = δpic ∧ θa ∧ θb. (3.36)
We take the variation of HG by pia:
δHG = ψabcω
c[ab] + ψaω
a, (3.37)
where
ψabc :=
1
κ
δωabcη
= δpic ∧ θa ∧ θb + δpid ∧ 1
D − 2(g
◦
acθb ∧ θd − g
◦
bcθa ∧ θd), (3.38)
ψa := ψ
b
ab and ω
c[ab] := 1
2
(ωcab − ωcba). (3.37) leads
δHG = δpic ∧ θa ∧ θbωc[ab]. (3.39)
Then, we have
∂HG
∂pic
= −ωca ∧ θa. (3.40)
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3.4.2 Variation by θa
We take the variation of HG by θ
a using (3.35). From (3.35), we have
δvc,abη = δ(pic ∧ θa ∧ θb)− vc,abδη
= (δθa ∧ θb − δθb ∧ θa) ∧ pic − vc,abδθd ∧ ηd (3.41)
for the variation by only θa. Here, we used (A.10). By the way, HG can be written as
HG = HGη , HG := 1
2κ
(ωabcω
bca + ωaω
a). (3.42)
The variation of HG by θ
a is given by
δHG = Yabcω
c[ab] + Yaω
a +HGδθd ∧ ηd, (3.43)
where Yabc :=
1
κ
δωabcη and Ya := Y
b
ab. Using (3.41) and (3.32), we have
Yabc = 2δθ[a ∧ θb] ∧ pic + 2
D − 2g
◦
c[a(δθb] ∧ θd − δθd ∧ θb]) ∧ pid − ωabcδθd ∧ ηd. (3.44)
Then, we obtain
δHG = 2g
◦
adδθ
d ∧ θb ∧ picωc[ab] −HGδθd ∧ ηd. (3.45)
This leads
∂HG
∂θd
= ωcd ∧ pic − θb ∧ picωcbd − edcHG. (3.46)
We used (A.14). Here, c is the interior product and {ea} is the dual basis of {θa} (eacθb = δba).
Next, we derive
∂HG
∂θd
=
1
2κ
(ωcd ∧ ωab ∧ ηabc + ωac ∧ ωbc ∧ ηbad) (3.47)
from (3.46). Substituting (3.23) to (3.46), we have
∂HG
∂θd
=
1
2κ
(ωcd ∧ ωab ∧ ηcab − θb ∧ ωae ∧ ηcaeωcbd)− edcHG. (3.48)
Using (A.2),
−θb ∧ ωae ∧ ηcaeωcbd = −ωae ∧ ηceωcad + ωab ∧ ηcaωcbd (3.49)
holds. On the other hand, using (A.16),
edcHG = 1
2κ
(ωacdω
cb ∧ ηba − ωcbdωac ∧ ηba + ωac ∧ ωcb ∧ ηbad) (3.50)
holds. Then, we obtain (3.47). The RHS of (3.47) is same with Sparling’s form except for a
coefficient and relates to the gravitational energy-momentum pseudo-tensor [6, 8].
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3.4.3 Variation of Lmat
We calculate ∂Lmat(θ, pi)/∂θ
c. Using (3.16) and (3.29), we have
∂Lmat(θ, ω)
∂θc
=
∂L0
∂θc
− ωab ∧ ηdcSdab, (3.51)
∂Lmat(θ, pi)
∂θc
=
∂L0
∂θc
− ∂Θ
a
∂θc
∧ pia = ∂L0
∂θc
− Cacbθb ∧ pia, (3.52)
and
tc :=
∂Lmat(θ, pi)
∂θc
− Tc = ∂Lmat(θ, pi)
∂θc
− ∂Lmat(θ, ω)
∂θc
= −Cacbθb ∧
1
2κ
ωde ∧ ηade + ωab ∧ ηdcSdab
=: ωab ∧ bc,ab. (3.53)
We can show that
Bc,ab :=
1
2κ
Θd ∧ ηabcd = bc,ab (3.54)
using (3.18) 7) . Then, we have tc = ω
ab ∧Bc,ab and
−∂Lmat(θ, pi)
∂θc
= −Tc − 1
2κ
ωab ∧Θd ∧ ηabcd. (3.55)
3.5 Canonical equations
We derive the canonical equations. Substituting (3.40) to (3.26), we have
dθa = −ωab ∧ θb + Θa, (3.56)
which is equivalent to the first structure equation (3.1). Using (3.47) and (3.55), (3.27) becomes
dpic =
1
2κ
(ωdb ∧ ωab ∧ ηadc + ωdc ∧ ωab ∧ ηabd − ωab ∧Θd ∧ ηabcd)− Tc. (3.57)
We show that (3.57) is equivalent to the Einstein equation. (3.47) can be rewritten as
∂HG
∂θc
=
1
2κ
[
− ωad ∧ ω bd ∧ ηabc
−ωab ∧ (ωda ∧ ηdbc + ωdb ∧ ηadc + ωdc ∧ ηabd)
]
=
1
2κ
[
− Ωab ∧ ηabc + d(ωab ∧ ηabc)
]
+ ωab ∧Bc,ab. (3.58)
7)Bc,ab = bc,ab =
1
2κ
[
Ccηab + 2C
d
c[aηb]d + 2C[aηb]c + C
d
abηcd
]
holds.
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Here, we used that Bc,ab can be rewritten as
Bc,ab =
1
2κ
[
dηabc − (ωda ∧ ηdbc + ωdb ∧ ηadc + ωdc ∧ ηabd)
]
(3.59)
using (A.11). Then, (3.57) becomes
dpic =
1
2κ
[−Ωab ∧ ηabc + d(ωab ∧ ηabc)]− Tc
= − 1
2κ
Ωab ∧ ηabc + dpic − Tc. (3.60)
This leads the Einstein equation (3.14).
4 Generators of local gauge transformations
Let us consider that an infinitesimal transformation of dynamical fields ψA and its conjugate forms
piA:
ψA → ψA + δψA , piA → piA + δpiA. (4.1)
Here, A is the label of the fields. If there exists (D − 1)-form G such that
δψA = {ψA, G} , δpiA = {piA, G}, (4.2)
we call G the generator of the transformation. If a form F is differentiable by ψA and piA, the
transformation of F is given by
δF = {F,G}. (4.3)
In this section, we find the generators of the gauge transformations for matter fields (Sec.4.1),
gauge fields (Sec.4.2) and the gravitational field within the second order formalism (Sec.4.3).
4.1 Matter fields
Let us consider that an infinitesimal global gauge transformation of matter fields:
δψA = εr(Gr)
A
Bψ
B , δL0 = 0. (4.4)
Here, εr are infinitesimal parameters, Gr are representations of the generators of a linear Lie group
G and L0(ψA, dψA) is the Lagrangian form of the matter fields ψA. The matrices Gr satisfy
[Gr,Gs] = f
t
rsGt, (4.5)
where [A,B] := AB − BA and f trs are the structure constants of G. Under the transformation
(4.4), the conjugate forms piA behave as
δpiA = −εr(Gr)BApiB. (4.6)
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The Noether currents (B.4) are given by
G(0)r = (Gr)
A
Bψ
B ∧ piA. (4.7)
The Noether currents G
(0)
r satisfy
{ψA, G(0)r } = (Gr)ABψB, (4.8)
{piA, G(0)r } = −(Gr)BApiB, (4.9)
and
{G(0)r , G(0)s } = f trsG(0)t . (4.10)
The generator of the transformation (4.4) is given by εrG
(0)
r .
To generalize (4.4) to the local gauge transformation, L0(ψ
A, dψA) should be replaced by
L0(ψ
A, (Dψ)A) where (Dψ)A := dψA +Ar(Gr)
A
B ∧ ψB and Ar are the gauge fields. The forms ψA
and piA are independent from A
r and pir where pir is the conjugate forms of A
r.
4.2 Gauge fields
Let us consider that the infinitesimal local gauge transformation of the gauge fields:
δAr = εsf rstA
t − dεr , δL1 = 0. (4.11)
Here, L1 is the Lagrangian form of the gauge fields. Under the transformation (4.11), pir behave
as
δpir = −εsf tsrpit. (4.12)
The Noether currents (B.4) are given by
G(1)s = f
r
stA
t ∧ pir. (4.13)
The Noether currents G
(1)
r satisfy
{As, G(1)r } = f srtAt, (4.14)
{pis, G(1)r } = −f trspit, (4.15)
and
{G(1)r , G(1)s } = f trsG(1)t . (4.16)
We put Gr := G
(0)
r +G
(1)
r . The Noether currents Gr satisfy
{Gr, Gs} = f trsGt. (4.17)
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The generator of the transformation without dεr is given by G˜ := εrGr. We assume that the
generator of the local gauge transformation denoted by G is given by
G = G˜+ dεr ∧ Fr, (4.18)
where Fr are unknown (D − 2)-forms described by only pir. Because
{As, dεr ∧ Fr} = dεr ∧ ∂Fr
∂pis
(4.19)
holds, we obtain
Fr = −pir. (4.20)
Then, G is given by
G = εrGr − dεr ∧ pir. (4.21)
The (D − 2)-forms Fr does not affect to ψA, piA and pir:
δψA = {ψA, G} = εr(Gr)ABψB, (4.22)
δAr = {Ar, G} = εsf rstAt − dεr, (4.23)
δpiA = {piA, G} = −εr(Gr)BApiB, (4.24)
δpir = {pir, G} = −εsf tsrpit. (4.25)
4.3 Gravitational field
Let us consider that an infinitesimal local Lorentz transformation
δθa = εabθ
b. (4.26)
Here, εab are infinitesimal parameters which satisfy εab = −εba. Under the transformation, ωab
behave as
δωab = εacω
cb + εbcω
ac − dεab (4.27)
and pia given by (3.23) behave as
δpia =
1
2κ
δωbc ∧ ηabc + 1
2κ
ωbc ∧ δθd ∧ ηabcd
= εbc(−g◦a[cpib])− dεbc ∧
1
2κ
ηabc. (4.28)
The Noether currents (B.4) are given by
Gcd = 2θ[d ∧ pic]. (4.29)
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The Noether currents Gcd satisfy
{θa, Gcd} = 2θ[dδac], (4.30)
{pia, Gcd} = −2g◦a[dpic], (4.31)
and
{Gab, Gcd} = g◦bcGad − g
◦
acGbd + g
◦
adGbc − g
◦
bdGac. (4.32)
The above equation corresponds to the commutation relations of the generators of the Lorentz
group:
[Gab,Gcd] = g
◦
bcGad − g
◦
acGbd + g
◦
adGbc − g
◦
bdGac. (4.33)
The generator of the transformation without dεab is given by G˜ := 1
2
εabGab. We assume that the
generator of the local Lorentz transformation (4.26) denoted by G is given by
G = G˜+
1
2
dεab ∧ Fab, (4.34)
where Fab are (D − 2)-forms described by only θa. Because
{pia, 1
2
dεbc ∧ Fbc} = 1
2
dεbc ∧ ∂Fbc
∂θa
(4.35)
holds and the RHS of the above equation should be −dεbc ∧ 1
2κ
ηabc, we obtain
Fbc = −1
κ
ηbc. (4.36)
Then, G is given by
G =
1
2
εabGab − 1
2κ
dεab ∧ ηab. (4.37)
The (D − 2)-forms Fab does not affect to θa:
δθa = {θa, G} = εabθb, (4.38)
δpia = {pia, G} = −εbapib − dεbc ∧
1
2κ
ηabc. (4.39)
4.4 The relation between Fr and Gr
According to Ref. [12], if a generator is given by G = εrGr + dε
r ∧ Fr with nonzero Fr,
Gr = −{Fr, H} (4.40)
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holds. We check this relationship for the gauge fields and the gravitational field. For the gauge
fields,
−{Fr, H1} = {pir, H1}
= −∂H1
∂Ar
= f crbA
b ∧ pic
= G(1)r (4.41)
holds. Here, H1 is the Hamilton form of the gauge fields (C.10) and we used (C.11) in the third
line. For the gravitational field,
−{Fab, HG} = 1
κ
{ηab, HG}
= −1
κ
∂ηab
∂θc
∧ ∂HG
∂pic
= −1
κ
ηabc ∧ (−ωcd ∧ θd)
=
1
κ
ωcd ∧ θd ∧ ηabc (4.42)
holds. In the third line, we used (3.40). Because
κGab = −ωcd ∧ θ[b ∧ ηa]cd = −2ωc[b ∧ ηa]c, (4.43)
−κ{Fab, HG} = ωcd ∧ θd ∧ ηabc = −2ωc[b ∧ ηa]c (4.44)
hold, we have
Gab = −{Fab, HG}. (4.45)
5 Summary
We investigated generators of local gauge transformations in the covariant canonical formalism
(CCF) for matter fields, gauge fields and the second order formalism of gravity. The total generator
G is given by G = εrGr + dε
r ∧ Fr where εr are infinitesimal parameters and Gr are the Noether
currents. {Gr, Gs} = f trsGt holds. Here, {•, •} is the Poisson bracket of the CCF and f trs are
the structure constants of the gauge group. For the matter fields, Fr = 0 holds. For the gauge
fields and the gravitational field, Gr = −{Fr, H} holds. Here, H is the Hamilton form which is
the form-Legendre transformation of the Lagrangian form. Additionally, we applied the CCF to
the second order formalism of gravity with Dirac fields for the arbitrary dimension (D ≥ 3).
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A Formulas
Several useful formulas are listed. For θa ∧ ηa1···ar(r = 1, 2, 3, 4),
θa ∧ ηbcde = −δab ηcde + δac ηbde − δadηbce + δaeηbcd, (A.1)
θa ∧ ηbcd = δab ηcd − δac ηbd + δadηbc, (A.2)
θa ∧ ηbc = −δab ηc + δac ηb, (A.3)
θa ∧ ηb = δab η (A.4)
hold [16]. Using (A.3) and (A.4), we have
θa ∧ θb ∧ ηcd = (δac δbd − δadδbc)η. (A.5)
Using (A.2) and (A.3), we have
θa ∧ θb ∧ ηcde = (δadδbe − δaeδbd)ηc − (δac δbe − δaeδbc)ηd + (δac δbd − δadδbc)ηe. (A.6)
For δηa1···ar(r = 0, 1, 2, 3),
δηabc = δθ
d ∧ ηabcd, (A.7)
δηab = δθ
c ∧ ηabc, (A.8)
δηa = δθ
b ∧ ηab, (A.9)
δη = δθa ∧ ηa (A.10)
hold. For dηa1···ar(r = 1, 2, 3),
dηabc = ω
d
a ∧ ηdbc + ωdb ∧ ηadc + ωdc ∧ ηabd + Θd ∧ ηabcd, (A.11)
dηab = ω
c
a ∧ ηcb + ωcb ∧ ηac + Θc ∧ ηabc, (A.12)
dηa = ω
b
a ∧ ηb + Θb ∧ ηab (A.13)
hold. Forms ηa1···ar(r = 1, 2, 3, 4) can be written as [16]
ηa = eacη, (A.14)
ηab = ebcηa, (A.15)
ηabc = eccηab, (A.16)
ηabcd = edcηabc. (A.17)
Here, c is the interior product and {ea} is the dual basis of {θa} (eacθb = δba).
B Noether currents
We explain the Noether currents. For an infinitesimal transformation of p-form dynamical fields
ψA → ψA + δψA, an identical equation
δL ≡ δψA ∧
( ∂L
∂ψA
− (−1)pd ∂L
∂dψA
)
+ d
(
δψA ∧ ∂L
∂dψA
)
(B.1)
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holds. Here, ≡ denotes identical equation which holds without using the Euler-Lagrange equations.
For a global transformation
δψA = εr∆Ar , δL = ε
rdlr, (B.2)
we have
dlr ≡ ∆Ar ∧ [L]A + d
(
∆Ar ∧
∂L
∂dψA
)
(B.3)
from (B.1). Here, [L]A :=
∂L
∂ψA
− (−1)pd ∂L
∂dψA
. Under the Euler-Lagrange equations [L]A = 0, the
Noether currents
Nr := ∆
A
r ∧
∂L
∂dψA
− lr (B.4)
are conserved: dNr = 0.
C Covariant canonical formalism of gauge fields
In this section, we review that the covariant canonical formalism of gauge fields.
Let us consider that a global transformation
ψ′A = [T (ε)]ABψ
B (C.1)
of matter fields {ψA}. Here, T (ε) is a representation of a linear Lie group G and ε = {εr}nr=1 is
the set of the continuous parameters. For infinitesimal transformation, (C.1) becomes
δψA = εr(Gr)
A
Bψ
B, (C.2)
where Gr are the representation of generators of the group G. The matrices Gr satisfy [Gr,Gs] =
farsGa where f
a
rs are the structure constants of G. Suppose that the Lagrangian form of the
matter fields L0(ψ
A, dψA) is invariant under the transformation. Let us replace L0(ψ
A, dψA) by
L0(ψ
A, (Dψ)A) where (Dψ)A := dψA + Ar(Gr)
A
B ∧ ψB is the covariant derivative and Ar are the
gauge fields. L0(ψ
A, (Dψ)A) is invariant under the local transformation ψ′A = [T (ε(x))]ABψ
B. For
the infinitesimal local transformation, Ar behave as δAr = εsf rstA
t − dεr and (Dψ)A behave as
δ(Dψ)A = εr(x)(Gr)
A
B(Dψ)
B. The latter is the same form with (C.2).
The curvature of the gauge fields is defined by
F r := dAr +
1
2
f rbcA
b ∧ Ac. (C.3)
Under the local transformation (C.2), F r behave as δF r = εaf rasF
s. We put Fr := κrsF
s with
the Killing form κrs := −farbf bsa(= κsr). Under the transformation (C.2), Fr behave as δFr =
−εaf sarFs. The Lagrangian form of the gauge fields L1 is given by
L1 = − 1
2k
F r ∧ ∗Fr, (C.4)
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where k is a positive constant. L1 is gauge invariant.
We consider the Euler-Lagrange equation of the gauge fields. We put L := L0(ψ
A, (Dψ)A)+L1.
The derivatives of L are given by
∂L
∂Aa
= −1
k
f cabA
b ∧ ∗Fc + Ja , ∂L
∂dAa
= −1
k
∗ Fa (C.5)
with
Ja :=
∂L0(ψ
A, (Dψ)A)
∂Aa
. (C.6)
The Euler-Lagrange equation ∂L/∂Aa + d(∂L/∂dAa) = 0 is given by
D ∗ Fa := d ∗ Fa + f cabAb ∧ ∗Fc = kJa. (C.7)
D ∗ Fa is the covariant derivative. The above equation is the Yang-Mills-Utiyama equation.
The conjugate form of Aa is given by
pia = −1
k
∗ Fa. (C.8)
The Hamilton form is given by
H = H1 − L0(ψA, (Dψ)A), (C.9)
H1 = −1
2
fabcA
b ∧ Ac ∧ pia + k
2
pia ∧ ∗pia, (C.10)
with pia := (κ−1)abpib = − 1k ∗ F a. The derivatives of H are given by
∂H
∂Aa
= −f cabAb ∧ pic − Ja, (C.11)
∂H
∂pia
= k ∗ pia − 1
2
fabcA
b ∧ Ac. (C.12)
The canonical equations dAa = ∂H
∂pia
and dpia =
∂H
∂Aa
became
dAa = k ∗ pia − 1
2
fabcA
b ∧ Ac, (C.13)
dpia = −f cabAb ∧ pic − Ja. (C.14)
The above two equations can be rewritten as
F a = k ∗ pia , Dpia := dpia + f cabAb ∧ pic = −Ja. (C.15)
The former is equivalent with the definition of pia. The latter is equivalent with the Yang-Mills-
Utiyama equation. The covariant canonical formalism does not need the gauge fixing.
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